Abstract-We present new multidimensional AmplitudeModulation Frequency-Modulation (AM-FM) methods for motion estimation. For a single AM-FM component we show that the optical flow constraint leads to separate equations for amplitude modulation (AM) and frequency modulation (FM). We compare our approach with phase-based estimation developed by Fleet and Jepson and also the original optical flow method by Horn and Schunck. An advantage of the proposed method is that it provides for dense estimates that remain accurate over the entire video. We also present preliminary results on atherosclerotic plaques videos where the AM method appears to work best.
I. INTRODUCTION
In this paper, we present a new method for pixel-level based motion estimation using an Amplitude-Modulation FrequencyModulation (AM-FM) model for digital video. We also consider an application of this model in analyzing atherosclerotic plaque motion.
Our study is motivated from a desire to extend traditional motion estimation methods into the development of reliable methods for video trajectory estimation. To accomplish this for atherosclerosis, we are interested in developing realistic plaque motion models that are motivated from clinical experience. We expect that accurate motion estimation will help us develop more accurate models that can predict plaque rupture.
In related work [1] , the authors computed optical flow estimates from 45 patients and reported a significant increase in the maximal discrepant surface velocity for the symptomatic cases, as compared to the asymptomatic cases. In [2] , the authors used 3D intravascular ultrasound to provide a computational analysis of stress distribution. Clearly, the development of accurate motion estimation methods can also benefit this related research.
Using realistic motion models, we propose a new, amplitude and phase based motion estimation method based on robust, multidimensional Amplitude-Modulation FrequencyModulation (AM-FM) methods. Extending out prior work reported in [3], we investigate the limits of the new method as compared against traditional motion estimation methods.
We provide background information about related work in section II. We describe our new method in section III. Results are shown in section IV and finally, the conclusions are given in section V. For pixel velocity estimation, the basic model of (1) can only be used to estimate the projected component velocities that are in the direction of the instantaneous frequency. We express this using v,, = a n (x, t) where Ox (x, t) = (Ox 7 y)T, n (x, t) = ox (x, t) / pX(x, t) I I and oa = -pt (X, t) p lOx (x, t) 11
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The advantage of (6)- (7) is that they provide us with two equations per pixel. We also add a smoothness constrain to add a third equation. Collectively, the AM, FM and continuity constraints give:
We combine all constraints together to get
(10)
B. Discrete Optimization
For minimizing (11) we consider finite-difference approximations:
We then convert the sums to integrals and take derivatives with respect to u(rm, n) and v(rm, n) to get B. Discrete-Space Demodulation Using the Quasi Eigenfunc- I(x, y, t) = a(x, y, t) exp(jpo(x, y, t)).
Recall the optical flow constraint equation:
For optimal values, we require that the gradient should be zero (E Ou(m, n) For the examples that we present we set the constraint parameters in (11) using:
. AM only: A 0, 3 10. . FM only: A 10, 3 0. . AM-FM: A 10, 3 10. Here, we note that in (1 1), the continuity constraint is weighted by 1. Thus, in all of our experiments, we have placed a significantly more weight on the new AM-FM methods.
A. Results on a synthetic example
To test the implementations, we first present results using motion generated using a chirp image. This is shown in Fig.  1 and similarly for VN1, VN2, after exchanging x with y derivatives. The instantaneous frequency components are estimated using the AM-FM demodulation process described in section II. For each video, we compute the dominant AM-FM components over a three-scale 3D filterbank. To estimate the amplitude derivatives ax, ay, at, we take differences of Gaussian averages over 3 x 3 neighborhoods (ox = 1).
Using the derivative estimates, we iteratively compute velocity estimates at each iteration p:
We initialize the estimation by using zero-velocity estimates.
Using the estimated motion vectors, we apply a Kalman filter to track the trajectories throughout the video. In summary, for the clinical videos, we establish the validity of the estimated trajectories based on: (i) the density of the estimated velocities, (ii) we require that trajectories remain valid throughout the video, (iii) estimation consistency and (iv) agreement with clinical expectations.
IV. RESULTS
We apply the developed AM-FM method for motion estimation using separable 3D filter-banks. We use a dyadic decomposition with three-levels of decomposition (see [ Fig. 2 and the tracked video frames in Fig. 3 . For estimating the motion, we applied the AM, the FM, and the AM-FM method.
To verify tracking, we magnified the plaque regions that we wanted to analyze and carefully examined how each pixel is tracked through time. We also note that transducer motion can cause artificial plaque motion and this is something that we need to guard against. To avoid this problem we carefully examined the videos to confirm that: (i) we do not have significant intensity changes from frame to frame and (ii) there is a clear periodicity in the video frames, showing that there is no detectable drift between consecutive cardiac cycles. Now, having confirmed that there is no drift, we are led to believe that the motion estimates tended to be unbiased and thus any small, noisy variations were correctly filtered out by the Kalman filter trackers.
The results indicated that the best results were obtained by the AM method, closely followed by the full AM-FM and then the FM method. Apparently, ultrasound speckle dominated the FM while the AM captured the essential brightness variations without the noise. As a result, the Fleet and Jepson phased based method (similar to FM) was not able to track the pixel motion through the video. For Fleet and Jepson, the periodic motion resulted in stationary estimates and the motion was not tracked throughout the periods. On the other hand, the optimized Horn's method appeared to track the pixels within the period, similar to the newly developed AM method. The correct pixel tracking is clearly visible in the examples in Fig. 3.
. Case 3: o= 1.00, Ampthreshold = 50, T = 10, . Case 4: (x= 1.25, Ampthreshold = 10, T = 2.
In Table I , we report the mean-square-error (MSE) for the magnitude of the estimated velocity vectors and the density of the estimates.
In comparing the results we note that the AM-FM approach provides reliable motion estimates at every pixel. In Table   I 
